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Numerous process capability indices, including Cp, Cpk, Cpm, and Cpmk , have been
proposed to provide measures on process potential and performance. Procedures using
the estimators of Cp, Cpk , and Cpm have been proposed for the practitioners to use in
judging whether a process meets the capability requirement. In this paper, based on the
theory of testing hypothesis, we develop a step-by-step procedure, using estimator of
Cpmk for the practitioners to use in making decisions. Then, the proposed procedure is
applied to an audio-speaker driver manufacturing process, to demonstrate how we may
apply the procedure to actual data collected in the factory.
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1. Introduction

Process capability indices (PCIs) have been widely used in the manufacturing in-

dustry, to provide a numerical measure on whether a process is capable of producing

items meeting the quality requirement preset in the factory. Numerous capability

indices have been proposed to measure process potential and performance. Exam-

ples include the two most commonly used indices, Cp and Cpk discussed in Kane,1

and the two more-advanced indices Cpm and Cpmk developed by Chan et al.2 and

Pearn et al.3 Those four PCIs have been defined explicitly as:

Cp =
USL− LSL

6σ
, Cpk = min

{
USL− µ

3σ
,
µ− LSL

3σ

}
,
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Cpm=
USL− LSL

6
√
σ2+(µ− T )2

, Cpmk= min

{
USL− µ

3
√
σ2+(µ− T )2

,
µ− LSL

3
√
σ2+(µ− T )2

}
,

where USL is the upper specification limit, LSL is the lower specification limit, µ

is the process mean, σ is the process standard deviation, and T is the target value.

The index Cp only considers the process variability σ thus provides no sensitivity on

process departure at all. The index Cpk takes the process mean into consideration

but it can fail to distinguish between on-target processes from off-target processes

(Pearn et al.3). The index Cpm takes the proximity of process mean from the target

value into account, and is more sensitive to process departure than Cp and Cpk.

The index Cpmk is constructed by combining the modifications to Cp that produced

Cpk and Cpm. The ranking of the four basic indices, in terms of sensitivity to the

departure of process mean from the target value, from the most sensitive one to

the least sensitive are (1) Cpmk, (2) Cpm, (3) Cpk, and (4) Cp.

We note that Cpk is a yield-based index, and Cpm is a loss-based index. A

process satisfying the quality condition “Cpk ≥ C” may not satisfy the quality

condition “Cpm ≥ C”. On the other hand, a process satisfying the quality condition

“Cpm ≥ C” may not satisfy the quality condition “Cpk ≥ C” either. But, a process

does satisfy both quality conditions “Cpk ≥ C” and “Cpm ≥ C” if the process

satisfies the quality condition “Cpmk ≥ C” since Cpmk ≤ Cpk and Cpmk ≤ Cpm.

According to today’s modern quality improvement theory, reduction of process loss

(variation from the target) is as important as increasing the process yield (meeting

the specifications). While the Cpk remains the more popular and widely used index,

the index Cpmk is considered to be the most useful index to date for processes with

two-sided specification limits.

Since sample data must be collected in order to calculate the index value, then

a great degree of uncertainty may be introduced into capability assessments due

to sampling errors. Currently, most practitioners simply look at the value of the

index calculated from the given sample and then make a conclusion on whether

the given process is capable or not. This approach is intuitively reasonable but not

reliable because sampling errors are ignored. Statistical theories about the index

Cpmk have been provided extensively, but no step-by-step procedures are proposed

for the practitioners in making decisions.

Cheng4 and Cheng5 have developed procedures using estimators of Cp and Cpm
for the practitioners to use in judging whether a process meets the capability re-

quirement. Pearn and Chen6 used a proposed estimator of Cpk to develop a proce-

dure similar to those described in Cheng4 and Cheng,5 so that the decisions made

in assessing process capability is more reliable. But, no procedure for Cpmk was

given because difficulties were encountered in calculating the sampling distribution

of the estimator of Cpmk. In this paper, we first develop a procedure using a natu-

ral estimator of Cpmk proposed by Pearn et al.3 Then, the procedure is applied to

an audio-speaker driver manufacturing process to illustrate how we may apply the

procedure to actual data collected in the factory.
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2. Calculations of the Cpmk Value

To calculate process capability, sample data must be collected to obtain the Cpmk
value. Let X1, X2, . . . , Xn be a random sample from a normally distributed process

with mean µ and variance σ2 measuring the characteristic under investigation.

Utilizing the identity min(a, b) = (a + b)/2 − |a − b|/2, the index Cpmk can be

alternatively written as:

Cpmk =
d− |µ−m|

3
√
σ2 + (µ− T )2

,

where d = (USL − LSL)/2 and m = (USL + LSL)/2. Pearn et al.3 considered a

natural estimator of Cpmk can be defined as:

Ĉpmk =
d− |X̄ −m|

3
√
S2
n + (X̄ − T )2

,

where X̄ = Σni=1Xi/n and S2
n = Σni=1(Xi − X̄)2/n are the maximum likelihood

estimators (MLEs) of µ and σ2 which may be obtained from a stable process. We

note that S2
n + (X̄ − T )2 = Σni=1(Xi − T )2/n in the denominator of Ĉpmk is the

uniformly minimum variance unbiased estimator (UMVUE) of σ2 + (µ − T )2 =

E[(X − T )2] in the denominator of Cpmk. For processes with target setting on the

middle of the specification limits (T = m), which are fairly common situations, the

natural estimator Ĉpmk can be rewritten as:

Ĉpmk =
D −

√
W

3
√
Y +W

,

where D = n1/2d/σ, Y = nS2
n/σ

2 and W = n(X̄ − T )2/σ2. Under the assumption
of normality, the probability density function, the rth moment, and the first two

moments as well as the variance of Ĉpmk can be obtained (see Pearn et al.3). We note

that the estimator, Ĉpmk, is biased. But, Chen and Hsu7 showed that the estimator

Ĉpmk is consistent, and asymptotically unbiased. Pearn et al.3 investigated the

moments of Ĉpmk. Pearn et al.3 also calculated the expected values and variances

of Ĉpmk for d/σ = 2(1)6, |µ − T |/σ = 0.0(0.5)2.0, and sample size n = 10(10)50.

The first two moments of Ĉpmk can be expressed as the following, where λ =
n(µ− T )2/σ2:

E(Ĉpmk)=
e−λ/2

3

∞∑
j=0

(λ/2)j

j!

d√nσ
√

2
·
Γ

(
n−1

2
+j

)
Γ
(n

2
+j
) −

j!Γ
(n

2
+j
)

Γ

(
1

2
+j

)
Γ

(
n+1

2
+j

)
 ,

E(Ĉ2
pmk)=

e−λ/2

9

∞∑
j=0

(λ/2)j

j!

[
d2n

σ2
· 1

n+2j−2

−d
√

2n

σ
· j!

Γ

(
1

2
+j

) · 2

n+2j−1
+

2j+1

n+2j

 .
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Therefore, the bias and the MSE of Ĉpmk can be expressed as:

Bias(Ĉpmk) = E(Ĉpmk)− Cpmk ,

MSE(Ĉpmk) = Var(Ĉpmk) + [Bias(Ĉpmk)]
2 ,

where Var(Ĉpmk) = E(Ĉ2
pmk)−E2(Ĉpmk). Table 1 displays the comparison between

the expected value of Ĉpmk and the actual value of Cpmk for n = 50 and various

values d/σ = 2(1)6 and |µ−T |/σ = 0.0(0.5)2.0. As |µ−T |/σ increases, both values

of E(Ĉpmk) and Cpmk decrease for fixed d/σ. We note that the difference between

E(Ĉpmk) and the value of Cpmk is the bias of Ĉpmk. Furthermore, as |µ − T |/σ
increases, we note that the variance of Ĉpmk also decreases for fixed sample size n

and d/σ (see Pearn et al.3).

Table 2 displays the bias and the MSE of Ĉpmk for various values d/σ = 2(1)6,

|µ − T |/σ = 0.0(0.5)2.0, and sample sizes n = 10(10)50 in accordance with Pearn

et al.3 The results in Table 2 indicate that as d/σ increases, both the bias and

the MSE increase for fixed sample size n and |µ − T |/σ. On the other hand,

as sample size n increases, both the bias and the MSE decrease for fixed d/σ

and |µ− T |/σ.

Table 1. Comparison between E(Ĉpmk) and the value of Cpmk for n = 50, d/σ = 2(1)6 and
|µ− T |/σ = 0.0(0.5)2.0.

E(Ĉpmk) for n = 50 Values of Cpmk

d/σ |µ− T |/σ |µ− T |/σ
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

2 0.6391 0.4562 0.2408 0.0949 0.0012 0.6667 0.4472 0.2357 0.0925 0

3 0.9775 0.7588 0.4792 0.2813 0.1511 1.0000 0.7454 0.4714 0.2774 0.1491

4 1.3160 1.0613 0.7177 0.4677 0.3010 1.3333 1.0435 0.7071 0.4623 0.2981

5 1.6544 1.3638 0.9561 0.6540 0.4509 1.6667 1.3416 0.9428 0.6472 0.4472

6 1.9928 1.6664 1.1945 0.8404 0.6008 2.0000 1.6398 1.1785 0.8321 0.5963

We note that Ĉpmk is a biased estimator. The results in Table 2 indicate that

the bias of Ĉpmk is positive when µ 6= T , i.e., Cpmk is generally overestimated by

Ĉpmk. When µ 6= T , the results in Table 2 also indicate that both the bias and

MSE of Ĉpmk decrease in |µ− T |/σ for fixed sample size n and d/σ, i.e., both the

bias and MSE of Ĉpmk decrease as the value of |µ− T |/σ increases.

Constable and Hobbs8 have found that, even if the underlying distribution of the

data is normal, small samples do not provide acceptable estimates of the mean and

standard deviation of the process. Proper sample sizes for capability estimation

are extremely important. The smaller the sample, the higher Ĉpmk must be to

demonstrate true process capability. However, remember that when sample size n
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Table 2. The bias and MSE of Ĉpmk .

|µ− T |
σ

0.0 0.5 1.0 1.5 2.0

d/σ Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE

n = 10

2 −0.0304 0.0382 0.0440 0.0388 0.0284 0.0189 0.0135 0.0068 0.0065 0.0026

3 −0.0025 0.0792 0.0681 0.0767 0.0432 0.0369 0.0214 0.0135 0.0108 0.0053

4 0.0254 0.1386 0.0921 0.1286 0.0581 0.0615 0.0293 0.0228 0.0151 0.0091

5 0.0533 0.2164 0.1162 0.1947 0.0730 0.0925 0.0372 0.0344 0.0193 0.0138

6 0.0812 0.3125 0.1403 0.2748 0.0878 0.1301 0.0451 0.0486 0.0236 0.0195

n = 20

2 −0.0338 0.0166 0.0227 0.0171 0.0133 0.0078 0.0064 0.0030 0.0031 0.0012

3 −0.0207 0.0328 0.0340 0.0323 0.0203 0.0151 0.0102 0.0058 0.0052 0.0024

4 −0.0075 0.0561 0.0454 0.0529 0.0273 0.0249 0.0139 0.0097 0.0073 0.0041

5 0.0057 0.0865 0.0567 0.0790 0.0343 0.0373 0.0177 0.0147 0.0093 0.0062

6 0.0189 0.1240 0.0681 0.1105 0.0413 0.0523 0.0215 0.0207 0.0114 0.0087

n = 30

2 −0.0317 0.0107 0.0152 0.0109 0.0087 0.0049 0.0042 0.0019 0.0020 0.0008

3 −0.0231 0.0208 0.0226 0.0203 0.0133 0.0094 0.0067 0.0037 0.0034 0.0016

4 −0.0144 0.0352 0.0300 0.0330 0.0179 0.0155 0.0091 0.0062 0.0048 0.0026

5 −0.0058 0.0540 0.0374 0.0491 0.0224 0.0232 0.0116 0.0093 0.0061 0.0040

6 0.0028 0.0771 0.0449 0.0685 0.0270 0.0325 0.0141 0.0131 0.0075 0.0056

n = 40

2 −0.0295 0.0080 0.0113 0.0080 0.0065 0.0036 0.0031 0.0014 0.0015 0.0006

3 −0.0231 0.0153 0.0168 0.0147 0.0099 0.0068 0.0050 0.0027 0.0025 0.0012

4 −0.0166 0.0257 0.0224 0.0239 0.0133 0.0113 0.0068 0.0045 0.0036 0.0019

5 −0.0102 0.0393 0.0279 0.0355 0.0167 0.0168 0.0086 0.0068 0.0046 0.0029

6 −0.0038 0.0560 0.0334 0.0495 0.0201 0.0236 0.0105 0.0096 0.0056 0.0041

n = 50

2 −0.0276 0.0064 0.0090 0.0063 0.0051 0.0028 0.0025 0.0011 0.0012 0.0005

3 −0.0225 0.0121 0.0134 0.0116 0.0078 0.0054 0.0039 0.0021 0.0020 0.0009

4 −0.0174 0.0203 0.0178 0.0187 0.0105 0.0088 0.0054 0.0036 0.0028 0.0015

5 −0.0123 0.0309 0.0222 0.0278 0.0133 0.0132 0.0069 0.0054 0.0037 0.0023

6 −0.0072 0.0440 0.0266 0.0387 0.0160 0.0185 0.0084 0.0076 0.0045 0.0033

is small or moderate (10 or even 50) the MSE of Ĉpmk is quite large compared with

the corresponding actual value of Cpmk. For example, for |µ−T |/σ = 0 and d/σ = 6,

Cpmk = 2.00 while
√

MSE(Ĉpmk) = 0.559 for n = 10 and
√

MSE(Ĉpmk) = 0.210

for n = 50. This shows that it is important to construct confidence intervals or

hypothesis tests.
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3. Testing Process Capability

Using the index Cpmk, the engineers can access the process performance and moni-

tor the manufacturing processes on a routine basis. To test whether a given process

is capable, we can consider the following statistical testing hypotheses:

H0: Cpmk ≤ C (process is not capable) ,

H1: Cpmk > C (process is capable) .

We define the test φ∗(x) as the following: φ∗(x) = 1 if Ĉpmk > c0, and φ∗(x) = 0

otherwise. Thus, the test φ∗ rejects the null hypothesisH0(Cpmk ≤ C) if Ĉpmk > c0,

with type I error α(c0) = α, the chance of incorrectly concluding an incapable

process (Cpmk ≤ C) as capable (Cpmk > C). Given values of α and C, the critical

value c0 can be obtained by solving the equation P (Ĉ ≥ c0 |Cpmk = C) = α

using available numerical methods. The derivation for solving the critical value c0
is given in the Appendix A, from which we can find the critical value c0 satisfying

the following equation,

[2(n−1)/2Γ((n− 1)/2)]−1

∫ ∆

0

[Φ(B(y)) − Φ(A(y))]y(n−3)/2e−y/2dy = α ,

where

Q =
(µ− T )

σ
, ∆ =

n(3C
√

1 +Q2 + |Q|)2

(9c20)
,

A(y) =
1

1− 9c20

{√
n(9c20Q− d1)

+
√
n(9c20Q− d1)2 − (1− 9c20)[nd

2
1 − 9c20(y + nQ2)]

}
,

B(y) =
1

1− 9c20

{√
n(9c20Q+ d2)

−
√
n(9c20Q+ d2)2 − (1− 9c20)[nd

2
2 − 9c20(y + nQ2)]

}
,

d1 = 3C
√

1 +Q2 + |Q|+Q , and d2 = 3C
√

1 +Q2 + |Q| −Q .

Using the techniques of the numerical integration, we can find the critical value

c0 for various values of n, C, Q, and α, which are summarized in Tables A1–A3 and

Tables B1–B3. To find the exact value c0 satisfying P (Ĉpmk ≥ c0 |Cpmk = C) = α

for given C and α, we can execute the Turbo C computer program (available from

the authors). The program is accurate with an absolute error less than 10−4.

The tables listed in Table 3 display critical values c0 for C = 1.00 and 1.33 with

sample sizes n = 30(10)200, |Q| = 0.00(0.05)1.00, and α-risk = 0.01, 0.025, 0.05.

We note that the critical values c0 for Q and (−Q) are the same (for the proof

see Appendix B). To test if the process meets the capability (quality) requirement,
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Table 3. Guidelines for table selection of the critical values c0.

C Table α Sample Size n |Q|

1.00 A1 0.01 30(10)200 0.00(0.05)1.00

1.00 A2 0.025 30(10)200 0.00(0.05)1.00

1.00 A3 0.05 30(10)200 0.00(0.05)1.00

1.33 B1 0.01 30(10)200 0.00(0.05)1.00

1.33 B2 0.025 30(10)200 0.00(0.05)1.00

1.33 B3 0.05 30(10)200 0.00(0.05)1.00

we first determine the value of C and the α-risk. Since the process parameters µ

and σ are unknown, then Q is also unknown. But, similar with that for testing

Cpm in Cheng5 we can estimate Q by calculating the values Q̂ = (X̄ − T )/Sn from

the sample. Checking the appropriate table listed in Table 3, we may obtain the

critical value c0 based on given values of α-risk, C, Q̂, and the sample size n. If

the estimated value Ĉpmk is greater than the critical value c0 (Ĉpmk > c0), then we

conclude that the process meets the capability requirement (Cpmk > C). Otherwise,

we do not have sufficient information to conclude that the process meets the present

capability requirement. In this case, we would believe that Cpmk ≤ C.

The Procedure

Step 1. Decide the definition of “capable” (C, normally set to 1.00, or 1.33), and

the α-risk (normally set to 0.01, 0.025, or 0.05), the chance of wrongly

concluding an incapable process as capable.

Step 2. Calculate the values of Q̂ = (X̄ − T )/Sn and Ĉpmk from the sample.

Step 3. Check the appropriate table listed in Table 3 and find the critical value c0

based on α-risk, C, Q (estimated by Q̂), and the sample size n.

Step 4. Conclude that the process is capable (Cpmk > C) if Ĉpmk value is greater

than the critical value c0 (Ĉpmk > c0). Otherwise, we do not have enough

information to conclude that the process is capable.

In above testing procedure, we find the critical value c0 based on Q (estimated

by Q̂). We can pick the greatest critical value among those corresponding to all

Q-values in Tables A1–A3 and Tables B1–B3 for various values of n, C, and α.

Then, we get the more conservative critical values, which are independent of Q,

displayed in Tables 4(a) and 4(b). Now, we may obtain the critical value c0 from

Tables 4(a) and 4(b) based on given values of α-risk, C, and the sample size n. If

the estimated value Ĉpmk is greater than the critical value c0 (Ĉpmk > c0), then we

conclude that the process meets the capability requirement (Cpmk > C). Otherwise,

we do not have sufficient information to conclude that the process meets the present

capability requirement. In this case, we would believe that Cpmk ≤ C.
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Table 4(a). Critical values c0 for C = 1.00,
n = 10(10)200 and α = 0.01, 0.025, 0.05.

n α = 0.01 α = 0.025 α = 0.05

10 2.161 1.902 1.712

20 1.678 1.544 1.440

30 1.513 1.416 1.340

40 1.425 1.347 1.285

50 1.369 1.303 1.249

60 1.330 1.271 1.224

70 1.301 1.248 1.205

80 1.278 1.229 1.189

90 1.259 1.214 1.177

100 1.244 1.202 1.167

110 1.231 1.191 1.158

120 1.219 1.182 1.151

130 1.210 1.174 1.144

140 1.201 1.167 1.138

150 1.193 1.161 1.133

160 1.186 1.155 1.129

170 1.180 1.150 1.124

180 1.174 1.145 1.121

190 1.169 1.141 1.117

200 1.165 1.137 1.114

Table 4(b). Critical values c0 for C = 1.33,
n = 10(10)200 and a = 0.01, 0.025, 0.05.

n α = 0.01 α = 0.025 α = 0.05

10 2.799 2.469 2.228

20 2.184 2.014 1.882

30 1.974 1.852 1.756

40 1.864 1.765 1.687

50 1.793 1.710 1.642

60 1.744 1.670 1.610

70 1.707 1.640 1.586

80 1.678 1.617 1.567

90 1.654 1.598 1.552

100 1.635 1.582 1.539

110 1.619 1.569 1.528
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Table 4(b). (Continued).

n α = 0.01 α = 0.025 α = 0.05

120 1.604 1.557 1.518

130 1.592 1.547 1.510

140 1.581 1.539 1.503

150 1.572 1.531 1.497

160 1.563 1.524 1.491

170 1.555 1.517 1.485

180 1.548 1.511 1.481

190 1.542 1.506 1.476

200 1.536 1.501 1.472

4. Application of the Procedure

To demonstrate how we apply the proposed procedure to the actual data and test

whether the process is capable, we collect some sample data from Nuera, a man-

ufacturer and supplier in Taiwan exporting high-end audio speaker drivers. One

characteristic, which critically determines the bass performance, musical image,

clarity and cleanness of the sound, transparence, and compliance (excursion move-

ment) of the mid-range, full-range, or subwoofer driver units, is Fo (the free-air

resonance). For each model of drivers, a unique production specification (LSL, T ,

USL) for Fo is set. One particular model of the 3-inch full-range drivers requires

the Fo value 80 Hz with ±10 Hz tolerance, i.e., the production specifications for

the 3-inch full-range drivers are the following: LSL = 70, USL = 90, and T = 80.

Currently, the Nuera’s Quality Control Center is implementing a quality pro-

gram which requires all models of audio-speaker driver products satisfying the qual-

ity condition “capable”, or 1.00 ≤ Cpmk < 1.33 in the current stage. The collected

sample data (a total of 100 observations) are displayed in Table 5.

Table 5. Sample data of Fo (100 observations).

77 76 77 83 74 70 80 78 85 79

74 73 77 73 75 82 79 80 82 80

79 72 82 80 73 74 75 81 82 79

82 75 78 81 77 76 77 76 78 75

82 76 77 84 78 80 78 75 78 82

83 72 76 78 78 79 80 81 79 77

71 76 84 76 77 81 78 74 78 75

77 77 81 80 85 80 75 73 75 76

81 78 85 77 73 74 84 80 73 77

75 77 76 80 76 75 79 80 80 77
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To test whether the process is “capable”, we first calculate d = (USL−LSL)/2 =

10, sample mean X̄ = Σ1
i=1Xi/n = 77.88, and sample standard deviation Sn =

{Σni=1(Xi − X̄)2/n}1/2 = 3.24. Then, we calculate Q̂ = (X̄ − T )/Sn = −0.65 and

Ĉpmk = 0.68. Checking Table A1 with C = 1.00, α = 0.01, and sample size n = 100,

we find the critical value c0 = 1.242 for |Q| = 0.65. Clearly, we cannot conclude

that the process is capable since Ĉpmk value is less than the critical value c0. We

note that we have the same conclusion based on the more conservative critical value

c0 = 1.244 from Table 4(a) for C = 1.00, α = 0.01, and n = 100.

The quality condition of such a process was considered to be unsatisfactory in

the company. Some quality improvement activities involving Taguchi’s parameter

design were initiated to identify the significant factors causing the process failing

to meet the company’s requirement set for the current stage, 1.00 ≤ Cpmk < 1.33.

Consequently, some machine settings for the assembly of the drivers including the

gluing of the spiders and Pulux edges as well as other component sticking operations

were adjusted. To check whether the quality of the adjusted process is satisfactory, a

new sample of 100 observations from the adjusted process was collected, yielding the

measurements displayed in Table 6. Specifications, process capability requirements,

and the α-risk remained the same.

Table 6. Sample data of Fo (100 observations).

81 80 82 79 78 76 78 78 76 81

83 78 81 85 81 78 79 79 80 82

79 79 82 78 82 80 75 85 80 80

80 75 81 78 82 84 76 78 80 79

82 82 78 78 82 78 82 80 82 83

81 78 83 81 82 79 80 79 81 82

79 80 82 77 81 80 81 81 75 76

83 86 82 79 82 85 80 80 77 75

78 85 81 79 81 83 78 78 80 80

79 76 77 74 85 83 76 80 75 82

We perform the same calculations over the new sample of 100 observations. We

first calculate X̄ = 79.92, Sn = 2.58, Q̂ = −0.03, and Ĉpmk = 1.28. To obtain the

corresponding value of c0, we check Table A1 and obtain the critical value c0 = 1.173

for |Q| = 0.00, and c0 = 1.191 for |Q| = 0.05. Using interpolation technique, we

obtain the corresponding critical value c0 = 1.184 for |Q| = 0.03. Since Ĉpmk value

is greater than the critical value c0, we conclude that the adjusted process meets

the company’s requirement. We note that we have the same conclusion based on the

more conservative critical value c0 = 1.244 from Table 4(a) for C = 1.00, α = 0.01,

and n = 100.
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5. Conclusions

In this paper, we develop a simple procedure using a natural estimator of Cpmk pro-

posed by Pearn et al.3 based on the theory of testing hypothesis. The procedure pro-

vides the practitioners an easy way to test the process capability. Factory engineers

or supervisors can use the procedure to determine whether their process meets the

capability requirements preset in the factory. The proposed procedure is applied to

an audio-speaker driver manufacturing process which we studied. Problems causing

the process failing to meet the company’s requirement were troubleshooted. Qual-

ity improvement activities were conducted and machine settings were adjusted. As

a result, problems causing the process failing to meet the company’s requirement

were successfully resolved, and the capability of the adjusted process is concluded

to be satisfactory.

Appendix A

Consider the following statistical testing hypothesis for Cpmk:

H0 : Cpmk ≤ C ,

H1 : Cpmk > C .

Given a value of C, the p-value corresponding to c0 is

P{Ĉpmk ≥ c0 |Cpmk = C}

= P

{
X̄ − LSL

3
√
S2
n + (X̄ − T )2

≥ c0,
USL− X̄

3
√
S2
n + (X̄ − T )2

≥ c0|Cpmk = C

}

= P


X̄ − µ
σ/
√
n

+
µ− LSL

σ/
√
n

3

√
nS2

n

σ2
+

(
X̄ − µ
σ/
√
n

+
µ− T
σ/
√
n

)2

≥ c0,

µ− X̄
σ/
√
n

+
USL− µ
σ/
√
n

3

√
nS2

n

σ2 +

(
X̄ − µ
σ/
√
n

+
µ− T
σ/
√
n

)2
≥ c0|Cpmk = C


= P

{
Z +
√
nd1

3
√
Y + (Z +

√
nQ)2

≥ c0,
Z +
√
nd2

3
√
Y + (Z +

√
nQ)2

≥ c0|Cpmk = C

}
,

where Y = nS2
n/σ

2, Z = n1/2(X̄ −µ)/σ, d1 = (µ−LSL)/σ, d2 = (USL−µ)/σ and

Q = (µ− T )/σ. If T = m, then USL− T = T − LSL = d, and

Cpmk =
d− |µ− T |

3
√
σ2 + (µ− T )2

=
d/σ − |Q|
3
√

1 +Q2
.
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For Cpmk = C, d/σ can be solved as d/σ = 3C
√

1 +Q2 + |Q|. Then, d1 and d2 can

be expressed as functions of C and Q:

d1 =
µ− LSL

σ
=
T − LSL

σ
+
µ− T
σ

=
d

σ
+Q = 3C

√
1 +Q2 + |Q|+Q ,

d2 =
USL− µ

σ
=

USL− T
σ

− µ− T
σ

=
d

σ
−Q = 3C

√
1 +Q2 + |Q| −Q .

Therefore, we have:

P{Ĉpmk ≥ c0 |Cpmk = C}

= P

{
(Z +

√
nd1)

2

Y + (Z +
√
nQ)2

≥ 9c20,
(Z +

√
nd1)

2

Y + (Z +
√
nQ)2

≥ 9c0|Cpmk = C

}
,

= P{9c20Y ≤ (1− 9c20)Z
2 + 2

√
n(d1 − 9c20Q)Z + nd2

1 − 9nc20Q
2 ,

9c20Y ≤ (1− 9c20)Z
2 − 2

√
n(d2 − 9c20Q)Z + nd2

2 − 9nc20Q
2 |Cpmk = C} .

In most applications, the value of C would be greater than 1.00. If c0 ≤ 1/3 for

C ≥ 1.00, then the corresponding p-value is far greater than the value of α-risk, we

would accept “H0: process is not capable” for such small value of c0. For c0 > 1/3,

we have:

P{Ĉpmk ≥ c0 |Cpmk = C} = P{0 < Y ≤ ∆, A(Y ) ≤ Z ≤ B(Y ) |Cpmk = C} ,

where

∆ = n
(
3C
√

1 +Q2 + |Q|
)2

/(9c20) ,

A(Y ) =
1

1− 9c20

{√
n(9c20Q− d1)

+
√
n(9c20Q− d1)2 − (1− 9c20)[nd

2
1 − 9c20(Y + nQ2)]

}
,

B(Y ) =
1

1− 9c20

{√
n(9c20Q+ d2)

−
√
n(9c20Q+ d2)2 − (1− 9c20)[nd

2
2 − 9c20(Y + nQ2)]

}
.

Under the assumption of normality, Y and Z are independent random variables.

In fact, Y is distributed as a central chi-square distribution with n − 1 degrees

of freedom and Z is distributed as the standard normal distribution. Let fY (y)

and φ(z) be the probability density functions of Y and Z, respectively. Then, the

joint probability density function of Y and Z is fY,Z(y, z) = fY (y)φ(z). Hence, the
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p-value becomes

P{Ĉpmk ≥ c0 |Cpmk = C}

= P{0 < Y ≤ ∆, A(Y ) ≤ Z ≤ B(Y ) |Cpmk = C}

=

∫ ∆

0

∫ B(y)

A(y)

fY,Z(y, z)dzdy

=

∫ ∆

0

∫ B(y)

A(y)

fY (y)φ(z)dzdy

=

∫ ∆

0

fY (y)

∫ B(y)

A(y)

φ(z)dzdy

=

∫ ∆

0

fY (y)(φ(B(y)) − φ(A(y)))dy

=
1

Γ[(n− 1)/2]2(n−1)/2

∫ ∆

0

(Φ(B(y)) − Φ(A(y)))y(n−3)/2e−y/2dy ,

where Φ(·) is the cumulative distribution function of the standard normal distri-

bution N(0, 1). Now, given values of C, Q, n, and α, the critical value c0 can be

obtained by solving the equation

P{Ĉpmk ≥ c0 |Cpmk = C} = α ,

or

1

Γ[(n− 1)/2]2(n−1)/2

∫ ∆

0

(Φ(B(y)) − Φ(A(y)))y(n−3)/2e−y/2dy = α .

Appendix B

We will show that given the same values of C, n, and α the critical value c0 forQ and

(−Q) are the same. Since d1 = (d/σ+Q) and d2 = (d/σ−Q) are functions ofQ, then

setting d1(Q) = (d/σ + Q) and d2(Q) = (d/σ − Q), we have d1(−Q) = d2(Q) =

d2 and d2(−Q) = d1(Q) = d1. In addition, ∆ = n(3C
√

1 +Q2 + |Q|)2/(9c20)

is also a function of Q. Setting ∆(Q) = n(3C
√

1 +Q2 + |Q|)2/(9c20), we have

∆(−Q) = ∆(Q) = ∆. Furthermore, both A(Y ) and B(Y ) are functions of Q. If we

set functions A(Q, Y ) = A(Y ) and B(Q, Y ) = B(Y ) respectively, then we have:

A(−Q, Y ) = − 1

1− 9c20

{√
n(9c20Q+ d2)

−
√
n(9c20Q+ d2)2 − (1− 9c20)[nd

2
2 − 9c20(Y + nQ2)]

}
= −B(Y ) ,
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and B(−Q, Y ) = −A(Y ). Utilizing the property Φ(−z) = 1− Φ(z), we have:

Φ(B(−Q, Y ))− Φ(A(−Q, Y )) = Φ(−A(Y ))− Φ(−B(Y ))

= {1− Φ(A(Y ))} − {1− Φ(B(Y ))}

= Φ(B(Y ))− Φ(A(Y ))

= Φ(B(Q, Y ))− Φ(A(Q, Y ))

Thus, the p-values for Q and (−Q) are the same. Hence, the critical value c0 for Q

and (−Q) are also the same for same values of C, n, and α.
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