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Abstract
Purpose – The purpose of this paper is to study the mixing performance of the electrokinetically-
driven power-law fluids in a zigzag microchannel.
Design/methodology/approach – The Poisson-Boltzmann equation, the Laplace equation, the
modified Cauchy momentum equation, and the convection-diffusion equation are solved to describe
the flow characteristics and mixing performance of power-law fluids in the zigzag microchannel.
A body-fitted grid system and a generalized coordinate transformation method are used to model the
grid system and transform the governing equations, respectively. The transformed governing
equations are solved numerically using the finite-volume method.
Findings – The mixing efficiency of dilatant fluids is higher than that of pseudoplastic fluids.
In addition, the mixing efficiency can be improved by increasing the width of the zigzag blocks or
extending the total length of the zigzag block region.
Originality/value – The results presented in this study provide a useful insight into potential
strategies for enhancing the mixing performance of the power-law fluids in a zigzag microchannel.
The results of this study also provide a useful source of reference for the development of efficient and
accurate microfluidic systems.
Keywords Electroosmotic flow, Microchannel, Mixing, Non-newtonian fluid, Power-law fluid
Paper type Research paper

1. Introduction
In recent years, microfluidic systems have found widespread use for such applications
as chemical and biological analyses, drug delivery, DNA hybridization and so on.
Generally, the samples in microfluidic systems are transported by an electric field (i.e.
electroosmotic flow, EOF), a pressure force, a surface tension, and so on. Of these
methods, EOF is commonly preferred due to the plug-like velocity profile, the lack of
moving parts and the high repeatability and reliability. Thus, it is essential that the
flow characteristics and transport performance of EOF are thoroughly understood in
order to optimize the microfluidic devices.
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In the literature, most EOF investigations consider Newtonian fluids (Patankar and
Hu, 1998; Arnold et al., 2008; Nithiarasu and Lewis, 2008; Yau et al., 2011; Cho et al.,
2012a). However, in many practical microfluidic applications, the rheological behavior
of the fluids must be considered since the used fluids have the non-Newtonian
characteristics (e.g. bio-fluids). Therefore, the study of non-Newtonian EOF has
attracted increasing attention in recent years. Zhao et al. (2008) analyzed the EOF of
power-law fluids in a slit microchannel. They have derived a generalized model for the
Smoluchowski velocity. Their results showed that the Smoluchowski velocity
monotonically decreases with an increasing flow behavior index. Tang et al. (2009)
performed a numerical investigation into the EOF of power-law fluids in a straight
microchannel. The results showed that the rheological behavior of the fluid has a
significant effect on the flow field pattern. Hadigol et al. (2011) examined the mixed
electroosmotic/pressure-driven flow of a power-law fluid in a slit microchannel with a
non-uniform zeta potential distribution. It was shown that the fluid behavior index in
the power-law model has a significant effect on the flow characteristics. Babaie et al.
(2011) performed a numerical investigation into the EOF flow of power-law fluids
through a slit microchannel in the presence of a pressure gradient. The results showed
that for pressure-assisted flow, shear-thinning fluids reach a higher velocity than
shear-thickening fluids, whereas the reverse is true when an adverse pressure gradient
is applied. Cho et al. (2012b) performed a numerical investigation into the EOF of
power-law fluids in a rough microchannel characterized by a complex-wavy surface.
The results showed that the flow behavior of non-Newtonian fluids is significantly
dependent on the value of the flow behavior index in the power-law model. It also
showed that the flow behavior is affected by the surface roughness.

Generally, the performance of many microfluidic systems is fundamentally dependent
on the mixing efficiency of the samples. However, obtaining a rapid and efficient mixing
effect in microfluidic devices is difficult since the small characteristic scale of the
microchannels constrains the fluid flow to the low Reynolds number regime. To enhance
the mixing performance in the microfluidic devices, many researchers have focussed on the
investigation of micromixing scheme. These proposed schemes for enhancing mixing
performance can be broadly classified as either active or passive. In active mixing schemes,
the samples are mixed via the application of external time-varying perturbation forces, e.g.,
pressure perturbations (Niu and Lee, 2003), electrical perturbations (Cho et al., 2012c),
magnetic stirring perturbations (Ryu et al., 2004), and so forth. In passive mixing schemes,
the samples are mixed by specifically-designed geometries, e.g., staggered herringbone
microchannels (Stroock et al., 2002), three-dimensional serpentine microchannels (Liu et al.,
2000), waveform microchannels (Chen and Cho, 2007) and so on. Overall, the studies
presented in (Niu and Lee, 2003; Cho et al., 2012c; Ryu et al., 2004; Stroock et al., 2002; Liu
et al., 2000; Chen and Cho, 2007) considered a Newtonian fluid and showed that the
proposed schemes can effectively enhance the mixing efficiency in microfluidic devices.

As described above, most fluids in microfluidic systems have non-Newtonian
characteristics. However, most existing investigations into the micromixing schemes only
consider Newtonian fluids. In other words, the literature lacks a detailed investigation into
the mixing characteristics of non-Newtonian fluids in microchannels. Accordingly,
the present study investigates the micromixing characteristics of non-Newtonian fluids
in a zigzag microchannel. In performing the study, the rheological behavior of the
non-Newtonian fluid is characterized using a power-law model. The study focusses
specifically on the respective effects on the mixing performance of the flow behavior index
in the power-law model and geometry parameters of the microchannel.
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2. Mathematical formulation
2.1 Governing equations and boundary conditions
When polar solutions come into contact with microchannel surfaces, an electrical
double layer (EDL) is formed adjacent to the channel wall. If an external electric field is
applied to the microchannel, an electrokinetic driving force is induced, which causes the
solution within the channel to flow. When analyzing the flow behavior within the
microchannel, the electrokinetic driving force must be taken into account. Therefore,
the flow behavior and mixing performance in the microchannel can be governed by the
Poisson-Boltzmann equation, the Laplace equation, the modified Cauchy momentum
equation, and the convection-diffusion equation. To simplify the governing equations,
the following assumptions are made: the samples are incompressible fluids and have
the same diffusion coefficient; the gravitational and buoyancy effects are sufficiently
small to be ignored; no chemical reactions take place; the Joule heating effect is ignored;
and the flow field is two-dimensional and in a steady state. Given these assumptions,
the governing equations can be written as follows (Cho et al., 2012b):

r2c ¼ 2n0ze
ee0

sinh
ze

kBTa
c

� �
; (1)

r2f ¼ 0; (2)

rUV
*

¼ 0; (3)

r V
*

Ur
� �

V
*

¼ �rpþrUm rV
*

þ rV
*

� �T
" #

þ2n0zesinh
ze

kBTa
c

� �
r cþfð Þ; (4)

V
*

UrC
� �

¼ Dr2C; (5)

where ψ is the potential induced by the charge on the walls, n0 is the bulk concentration
of the ions, z is the ionic valence, e is the elementary charge, ε is the dielectric
constant of the electrolyte solution, ε0 is the permittivity of a vacuum, kB is the
Boltzmann constant, Ta is the absolute temperature, ϕ is the applied electric potential,
ρ is the fluid density, V

*

is the velocity vector, p is the pressure, C is the sample
concentration, D is the diffusion coefficient and superscript T denotes transposition.
Note that the last term in Equation (4) represents the electrokinetic driving body force.
In addition, μ presented in Equation (4) is the dynamic viscosity. In this study,
the dynamic viscosity is expressed using the power-law model, i.e., (Cho et al., 2012):

m ¼ m_gn�1; (6)

where m is the flow consistency index, n is the flow behavior index, and _g is the shear
rate. According to Equation (6), the fluid can present different flow behavior depending
on the flow behavior index. Generally, the fluid is said to be pseudoplastic if no1,
Newtonian if n¼ 1 or dilatant if nW1.

As shown in Figure 1, it is assumed that the two samples are injected
electrokinetically into the microchannel via two separate inlets. A constant electric
potential is applied at the two inlets and a reference electric potential is set at the outlet.
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Meanwhile, a constant zeta potential and a no-slip velocity boundary condition are
imposed on all the wall surfaces. The boundary conditions at the inlets, outlet and wall
surface are therefore specified as follows.

Inlets:

rcUn*? ¼ 0, f ¼ fin; p ¼ 0; C ¼ CA or CB;

Outlet:

rcUn*? ¼ 0, f ¼ fout ; p ¼ 0; rCUn*? ¼ 0;

Wall surface:

c ¼ z, rfUn*? ¼ 0, V
* ¼ 0; rCUn*? ¼ 0;

where ϕin and ϕout are the externally applied electric potentials at the inlets and outlet,
respectively; CA and CB are the concentrations of samples A and B, respectively; ζ is the
zeta potential on the wall surface; and n*? denotes the normal vector.

2.2 Numerical method
The geometry configuration shown in Figure 1 is a non-orthogonal system.
Therefore, in analyzing the flow in the microchannel, the governing equations given
in Equations (1)-(5) must be transformed from a Cartesian coordinate system to
a generalized curvilinear coordinate system. The transformed governing equations
have the following generalized form (Cho et al., 2012a, b):

@

@x
rtU tf
� �þ @

@Z
rtV tf
� � ¼ @

@x
Gt

J
at
@f
@x
�bt

@f
@Z

� �� �
þ @

@Z
Gt

J
�bt

@f
@x

þgt
@f
@Z

� �� �
þ JSt ; (7)

where f is a generalized variable; ξ and η are the two axes of the transformed
coordinate system; Ut ¼ @y

@Zu�@x
@Zv

� 	
and Vt ¼ @x

@xv�@y
@xu

� 	
are the velocity components

in the transformed coordinate system; St is a source term; at ¼ @x
@Z

� 	2
þ @y

@Z

� 	2
� �

,

bt ¼ @x
@x

� 	
@x
@Z

� 	
þ @y

@x

� 	
@y
@Z

� 	h i
and gt ¼ @x

@x

� 	2
þ @y

@x

� 	2
� �

are parameters of the

transformed coordinates, respectively; and J ¼ @x
@x

� 	
@y
@Z

� 	
� @x

@Z

� 	
@y
@x

� 	h i
is the

Jacobian factor. Note that prior to solving the transferred governing equations,
a grid system is need to be generated. In the study, the grid system is generated
by solving the set of Poisson equations (Thomas and Middlecoff, 1980), i.e.:

@2x
@x2

þ@2x
@y2

¼ Pc x; Zð Þ (8a)

LB

W
B W

W

Sample A

Sample B

Notes: W, width of the microchannel; WB, width of the zigzag blocks; LB, total length 
of the zigzag block region

Figure 1.
Schematic illustration
of zigzag
microchannel
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@2Z
@x2

þ@2Z
@y2

¼ Qc x; Zð Þ (8b)

where Pc(ξ, η) and Qc(ξ, η) are the control parameters of mesh distribution. In this study,
the two parameters are determined according to (Thomas and Middlecoff, 1980).

In performing the simulations, the governing equations and boundary conditions
were solved using the finite-volume numerical method (Patankar, 1980). A second-order
scheme was used to discretize the convection terms and the velocity and pressure fields
were coupled using the SIMPLE (semi-implicit method for pressure-linked equations)
algorithm (Patankar, 1980). Finally, the discretized algebraic equations were solved
iteratively using a line-by-line TDMA (tri-diagonal matrix algorithm) scheme until a
convergent solution was achieved.

3. Results and discussion
In performing the simulations, it was assumed that the zeta potential had a magnitude
of ζ¼−30mV and was uniformly distributed along the wall surface. In addition, the
electric field strength was set as E¼ 100 V/cm, the flow consistency index was given
as m¼ 1×10−3Pa � sn, and the diffusion coefficient of the two samples was set as
D¼ 1×10−10m2s−1. The other physical properties of the fluid were specified as follows:
fluid density, ρ¼ 103kgm−3; Boltzmann constant, kB¼ 1.38×10−23JK−1; absolute
temperature, Ta¼ 300K; permittivity of vacuum, ε0¼ 8.854×10−12Fm−1; dielectric
constant of medium, ε¼ 80; elementary charge, e¼ 1.6021×10−19C; and ionic valency,
z¼ 1. Finally, the non-dimensional Debye-Huckel parameter (defined as κ¼K×W,

where Κ�1 ¼ 2n0z2e2
ee0kBTa

� 	�1=2
is the characteristic thickness of the EDL) was assigned a

value of κ¼ 100.
To validate the numerical codes, the numerical results for the u-velocity profiles in a

parallel-plate channel were compared with the corresponding analytical solutions.
Given the assumption of Debye-Huckel linearization, the analytical solutions for the
u-velocity distributions are given by (Zhao et al., 2008; Cho et al., 2012b):

u ¼ �ee0zE
m

1� cosh Κyð Þ
cosh ΚLcð Þ

� �
; for n ¼ 1:0: (9a)

u ¼ Κ

2
�ee0zE

m

� �2

� sinh 2ΚLc�sinh 2Κyð Þ�2 ΚLc�Κyð Þð Þ
2cosh2 ΚLcð Þ

; for n ¼ 0:5: (9b)

Figure 2 compares the numerical and analytical results for the non-dimensional
u-velocity distributions in the parallel-plate channel. It is seen that a good agreement
exists between the two sets of results.

Figures 3(a) and (b) show the distributions of the flow streamlines and sample
concentration, respectively, in the zigzag microchannel. As stated in Section 2, an
electrokinetic driving force is generated by the interaction between EDL potential and
the externally-applied electric field. Since the EDL is only formed near the wall surface,
the electrokinetic driving force acts only on the fluid near the wall surface. Because no
extra driving force is considered in the microchannel, the bulk fluid is dragged into
motion via the electrokinetic driving force. As a result, the flow streamlines follow the
profile of the wall surface and no flow separation is observed (see Figure 3(a)).
In addition, since the small characteristic scale of the channel constrains the fluid flow
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to the low Reynolds number regime, the samples mixing occur as a result of diffusion.
As the samples flow through the zigzag microchannel, the interfacial contact area
between samples is increased, and thus the diffusion effect is improved. Consequently,
the mixing performance is enhanced (Figure 3(b)).

Figure 4 shows the variation of the mixing efficiency with the flow behavior index.
Note that the mixing efficiency (ηm) is evaluated in accordance with (Cho et al., 2012c;
Chen and Cho, 2007):

Zm ¼ 1�
RW
0 C�C1j jdZRW
0 C0�C1j jdZ

" #
� 100%; (10)

where C is the sample concentration, and C0 and C∞ are the sample concentrations in
the completely unmixed and completely mixed conditions, respectively. As defined in

1.0

0.5

0.0

u / Um

y 
/ W

m Numerical solution, n= 0.5
Exact solution, n= 0.5

Exact solution, n= 1.0
Numerical solution, n= 1.0

0.00 0.500.25 0.75 1.00

Notes: The non-dimensional Debye-Huckel 
parameter is specified as k = 100; Um, the 
mean velocity in the microchannel

Figure 2.
Comparison of exact
and numerical
solutions for
non-dimensional
u-velocity
distributions in
parallel-plate
microchannel

(a)

(b)

Notes: WB = 0.5W , LB = 10W and n = 0.7

Figure 3.
(a) Flow streamlines
and (b) sample
concentration
distribution in zigzag
microchannel
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Equation (6), the viscosity increases with an increasing flow behavior index. As a
result, the flow velocity decreases as the flow behavior index is increased, and thus a
longer mixing time occur. Consequently, the mixing efficiency increases with an
increasing flow behavior index. In other words, the dilatant fluids (i.e. nW1.0) has a
higher mixing efficiency than the pseudoplastic fluids (i.e. no1.0).

Figure 5 shows the variation of the mixing efficiency with the width of the zigzag
blocks as a function of flow behavior index. Note that in the figure, the mixing
performance of pseudoplastic fluids is only discussed since the dilatant fluids and
Newtonian fluid have had a high mixing efficiency (see Figure 4). As the width of the
zigzag blocks increases, the interfacial contact area between the samples is increased.
Therefore, a better diffusion effect can be obtained. As a result, it is shown that the
mixing efficiency increases as the width of the zigzag blocks is increased.

Figure 6 shows the variation of the mixing efficiency with the length of the zigzag
block as a function of flow behavior index. It is expected that extending the total length
of zigzag block region increases the interfacial contact area between the samples, and
thus the diffusion effect is enhanced. Consequently, the mixing efficiency improves as
the total length of the zigzag block region is extended.

100

90

80

70

60

50

40
0.7 0.8 0.9 1.0 1.1 1.2 1.3

n

η m
 (

%
)

Notes: WB = 0.5W and LB = 10W

Figure 4.
Variation of mixing

efficiency at x¼ 30W
with flow

behavior index

100

90

80

70

60

50

40
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20

η m
 (

%
)

0.00W 0.25W 0.50W 0.75W

WB

n=0.7
n=0.8
n=0.9

Note: LB = 10W

Figure 5.
Variation of mixing

efficiency at x¼ 30W
with width of zigzag
blocks as function of
flow behavior index
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4. Conclusions
This paper has investigated the mixing characteristics of electrokinetically-driven non-
Newtonian fluids through a zigzag microchannel. In the study, the power-law model
was used to characterize the rheological behavior of the non-Newtonian fluid. The
effects on the mixing performance of the geometry parameters and flow behavior index
in the power-law model have been explored. The results have shown that the flow
behavior index has significant effect on the mixing performance. The results have been
shown that the mixing performance can be improved by increasing the width of the
zigzag blocks or extending the total length of the zigzag block region.
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